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This paper presents an alternative phase space reduction process for Hamiltonian 
systems with symmetry using a Lie algebra of infinitesimal symmetries instead of a 
Lie group of symmetries. This approach avoids the use of the various conditions on 
the action of the group or of the isotropy subgroup necessary for the usual 
construction of a reduced phase space (quotient) with a globally defined symplectic 
manifold structure. The existence of such a reduced phase space is proved without 
recourse to the existence of an equivariant moment map. Instead it is assumed that 
the orbits of the action associated to the Lie algebra can be described as the level 
sets of some analytic map, an assumption that holds in many of the known examples. 
The relation between the two reduction processes is discussed; in particular, some 
cases where the Marsden-Weinstein process leads to a quotient space which is not 
a smooth manifold are shown to be amenable to the method now proposed. The 
natural control theoretic interpretation of the techniques used is also discussed. 
8 1991 Academic Press, Inc. 
1. INTRODUCTION 
In the usual phase space reduction process (see for instance [l, 3, 9, 
18, 231) for a Hamiltonian vectorfield X on a symplectic manifold M, with 
X __I o = dH, we consider a Lie group G, with Lie algebra g, acting on M 
by symplectomorphisms, with an equivariant moment map J: M+ g*; the 
Hamiltonian H is supposed to be invariant under the action of G. 
Given p E M, a = J(p) E g*, and if G, is the isotropy group of a for the 
coadjoint action, consider the set F, = JP’(a)/G,. This set does not always 
have the global structure of a symplectic manifold; sufficient conditions for 
this are, for instance, [ 111: 
1. a is a regular value of J, or J,=J-‘(a) is a submanifold of M. 
2. The action of G, on J, is proper. 
3. The elements of G, act on J, without fixed points. 
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Then X projects as a Hamiltonian vector field on the quotient symplectic 
manifold. 
The main objective of this paper is to present an alternative reduction 
process as stated in Theorem 1. The approach used is based on a control 
theoretic interpretation not involving an equivariant moment map, and 
coincides with the Marsden-Weinstein reduction when both are applicable. 
We consider a Lie algebra 9 spanned by locally Hamiltonian vector 
fields X’, X2, . . . . X’ on M, and such that H is invariant under the local 
action associated to each of those vector fields; i.e., the vector fields Xi are 
infinitesimal symmetries for H. 
Define a g-trajectory of p as a continuous piecewise analytic map 
7: [T-, T’] + M on an interval in R and obtained by concatenation of a 
finite number of integral curves of vector fields Xi, such that: 
1. y(O)=p, T- ER-, T+ ER+ 
2. 30, t,, . . . . t, such that T- = to-c t, < . . . -c t,, = T+ and in 
] tie,, tj [ the map 1’ is an integral curve of Xi for some Xi E Y. 
A point p, is said to be %-reachable from p if there exists some 
%-trajectory y of p passing through p, . 
For each vector field X in 9, let {X,} be the associated one parameter 
local group; then we can define a local group LG by taking all finite 
compositions of the form g = X:, 2 Xi 0 . . . XL,, with X’E ‘9, and a local 
action of LG on M by (g, p)wX:,OX~~ . ..X.!(p). 
From now on, 9 will denote both the distribution and the Lie algebra 
generated by the vector fields Xi, since the context prevents confusion. The 
maximal integral submanifold of ‘9 passing through a point x E M will be 
denoted by Gx; it is just the orbit of LG through x, or the equivalence class 
of x for the equivalence relation induced by S-reachability. 
If the Lie algebra 9 is finite dimensional and the generating vector fields 
are complete, then LG is a Lie group G of transformations on M, with a 
Lie algebra g isomorphic to 99 [ 131. 
If our infinitesimal symmetries, the generating vector fields, are 
Hamiltonian or even locally Hamiltonian, this group acts on M by 
symplectomorphisms and leaves H invariant; when its action admits an 
equivariant moment map, we recover the usual situation. 
The following will be assumed throughout, without explicit mention: 
Assumption A. There exists an analytic map cp: it4 + Rk, for some k, 
such that the orbits of ‘22 in M are the level sets of rp. The components of 
cp are a complete set of invariants, in the sense that any invariant analytic 
function F: M-P R can be written as F= f 0 cp, where f: Rk -+ R is an 
analytic function. 
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In addition, some other assumptions will be made, but explicitly stated 
whenever used: 
Assumption C. The generating vector fields X’ of Y are complete. 
Assumption F. 9 is a finite dimensional Lie algebra, generated by 
complete vector fields, and the action of G admits an equivariant moment 
map. 
These assumptions are not too strong; in view of [17] they are verified, 
except for the existence of an equivariant moment map, whenever we are 
dealing with a compact symmetry group acting orthogonally and by 
symplectomorphisms on M. 
The orbits of 3, as defined above, can be used as the orbits of the 
symmetry Lie group in the usual reduction process, but we still must find 
a way of defining an analogue of the level sets of the moment map 
whenever Assumption F is not verified. 
Since the tangent spaces of an orbit of the symmetry group and a level 
set of the moment map are o-orthogonal [3, 231, the level sets or at least 
their connected components can be constructed as the maximal integral 
submanifolds of a distribution r defined at every point as the 
o-orthogonal of the tangent space of an orbit, assuming its integrability. 
That integrability is ensured [12, 191 when the orbits of the Lie group 
or the Lie algebra can be described as the level sets of an analytic map, 
since then we are dealing with an involutive analytic distribution. 
With these elements, we can define a reduction process in every other 
way similar to the Marsden-Weinstein one. Their relations, when both are 
applicable, are discussed in next section. 
The reduction process can also be viewed as a minimal realization problem 
for a Hamiltonian control system, and the construction now proposed is 
very close to some of the main ideas in geometric control theory. We 
discuss this point in Section 3. 
Some examples where the Marsden-Weinstein reduction process cannot 
be directly applied are presented in Section 4. 
2. PHASE SPACE REDUCTION 
Let A4 be a 2n dimensional connected analytic symplectic manifold, with 
symplectic form o, and 5” a Hamiltonian vector field corresponding to a 
function H: M + R; assume that Y is a Lie algebra of locally Hamiltonian 
vector fields which are infinitesimal symmetries for tH. 
LEMMA 1. If the maximal dimension of the orbits of Y is s, then at ever) 
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point p on a dense open set M’ the forms { dq 1, . . . . dqn, > span a subspace oj 
T,*M with dimension 2n - s. 
Proof: Taking the open dense set M’ where CJJ has maximal rank, we see 
that if the rank is less than 2n -s then the level sets cannot have 
dimension s. 
Let ti be the Hamiltonian vector field corresponding to the ith component 
of cp. They span an analytic distribution Y with singularities; on M’ the 
distribution 5 coincides with the o-orthogonal of 3 and its leaves have 
dimension 2n - s. 
LEMMA 2. F is an integrable distribution, and 5” E 5. 
Proof: Since the components of cp are a complete set of invariants, and 
the Poisson bracket of any two invariant functions is still an invariant 
function, we see that any function Y in the Lie subalgebra generated by 
{ cp, . . . . (Pi} can be written as Y = $0 cp, where + is an analytic function on Rk. 
Then we have 
dP=gdq,+ . . . +$dq, 
I I -k 
and therefore 
Thus 9 is an involutive distribution, since the Lie bracket of two 
Hamiltonian vector fields 5’ and 5” is the Hamiltonian vector field corre- 
sponding to the Poisson bracket {f, g> (with a convenient choice of sign 
for the Poisson bracket), and then by Nagano theorem [12] Y is an 
integrable distribution. 
In particular, the vector field 5” belongs to the distribution Y, since the 
function H is invariant. 
Fix a point PEM; since 5” belongs to Y, it is tangent to the leaf Tp. 
In general this leaf will not be a symplectic submanifold, the intersection of 
its tangent space with its o-orthogonal, i.e. Y n 9 if p E M’, being 
non-empty. 
We can now introduce an equivalence relation on A4 as follows: two 
points p, and pz are equivalent, said indistinguishable, and written 
p1 N pz, if pz is Y-reachable from p, and given any two Y-trajectories 11, 
and yz of pI and pz, respectively, with the same domain and involving the 
same vector fields for the same time, we have rp 0 y, = cp 0 yz. 
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It is easy to see that p1 - p2 iff p2 is in the orbit of p1 for the action of 
the local group LT, and for any g E LT defined at p1 and pr we have 
cp(gp,)= cp(gpz). 
LEMMA 3. TWO points are indistinguishable iff they belong to the 
intersection of the same leaf of .F \c+th a level set qf cp. 
Proof. It is clear that the set of F-reachable points from a given point 
PE M is its leaf Tp; thus if p, - p2 then they certainly belong to 
Tp, n {cp = ‘p(p, j) = Tp, n {‘p = cp(p,)}. Therefore we only need to prove 
that ifp,ETp,n{cp=cp(p,)) thenp,-p,. 
Assume jl.i( t) = y( t; pj) is just the integral curve of 5’ passing through pi, 
the general case being then proved by induction on the number of vector 
fields involved. When we consider the map h., defined by t H cp,(lJ,( t)) 
we see its kth derivative at t =0 is the iterated Poisson bracket 
{Vi* (,..Y {cp,, cp,}...}, where ‘pi appears k times, computed at pi; if i=O we 
get just CPAP,). 
Since ‘pi and q, are both first integrals of the Hamiltonian vector fields 
in 9, their iterated Poisson brackets are also first integrals of the same 
vector fields, therefore constant on the orbits of 3. This means the maps h, 
and h, have the same value at t = 0, and also that all their derivatives are 
equal at that point; thus the two maps, being analytic, coincide on the 
common domain of definition. 
It follows from the previous lemma that: 
LEMMA 4. Indistinguishability is an equivalence relation, and its 
equivalence classes form a partition of M compatible Gth the orbits of 9-. 
From the definition of indistinguishability and the continuity of the map 
cp, it follows that [21]: 
LEMMA 5. Given p E M, the indistinguishability equivalence relation is a 
closed set, as a subset of Tp x Tp. 
Proof We shall prove that the complement of the equivalence relation 
is an open subset of Tp x Tp. 
From Lemma 3 it follows that two points x and x’ on the same leaf of 
Y are indistinguishable if for any function f in the Lie subalgebra 
generated by the components of cp, with the Poisson bracket, we have 
f(x) =f(x’); if the points x and x’ are not indistinguishable, f(x) # f(x’) 
for some element of that family. It is clear that if y is sufficiently close to 
x, and 4” to x’, we still have f(y) # f( I,‘), and therefore JJ and y are not 
indistinguishable. 
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Given an equivalence relation - on M, a vector field X on M is said to 
be a symmetry vector field [20] for - if, for every pr E M and POEM, 
PER such that X,(p,) and X,(pz) are both defined, then 
PI-Pz=-~,(Pl)-~JP,). 
LEMMA 6. The vector fields 5’ are symmetry vector fields for the 
indistinguishabilit), equivalence relation. 
Proof Let p, and pz be two indistinguishable points in M, and tE R 
such that both t:(p,) and 5i(pz) are defined; we know from the 
indistinguishability of p, and pz that for any gE LT we have 
d&To UP,)) = cp(gc 5f(Pz)) 
if goti and go[t(p,) are well defined. This means that tf(p,) and 
<f(pz) are indistinguishable as well. 
The following theorem is the crucial result: the reduction process always 
works under the assumption concerning the structure of the orbits of the 
symmetry algebra or group, even if we do not have an equivariant moment 
map. 
THEOREM 1. The quotient space Tp/- is a symplectic manifold I,, for 
any p E M. If 7c : Tp --f I, is the canonical projection, the function H factors 
as H = H’ i 71 and 5 “projects on I, as a Hamiltonian vector jield corresponding 
to the.function H’. 
ProoJ The family (5 ‘, . . . . 5’) of analytic vector fields is weakly 
transitive on the leaves of Y, in the sense that if we take their restriction 
to a leaf and then the Lie algebra F’ they generate, the rank of 3’ is 
maximal at all points in the leaf, since it is constant and equal to the 
dimension of the leaf. 
Then it follows from Theorem 9 of [20] and from the equivalence 
relation being closed that the quotient space is an analytic Hausdorff 
manifold. 
The proof of the remaining statements of the theorem is in every way 
similar to the corresponding proof for the usual reduction process. 
In some cases the submersion given by the canonical projection is a libre 
map; i.e., every [x] in the quotient space IF has an open neighbourhood 
U such that there exists an analytic diffeomorphism @: X- ‘([xl ) x U -+ 
C’(U) with rro@ the projection on the second factor. 
PROPOSITION 1. If all the vector fields r’, . . . . tk are complete then the 
canonical projection n: Tp + I, is a fibre map. 
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Proof: In view of Theorem 11 of [ZO] and the subsequent remark, the 
proposition follows if we can prove the existence of a transitive set of 
complete symmetry vector fields; here transitive set of vector fields mean 
that those vector fields span the tangent space at every point. 
Since <‘, . . . . 5” are complete symmetry vector fields, the result is obvious 
if they span 3 as a distribution. In general it is not true that the Lie 
bracket of two complete vector fields is complete, but if .Y is a finite 
dimensional Lie algebra, and since it is generated by complete vector fields, 
then all its vector fields are complete [13]. 
Nevertheless, even if Y is not a finite dimensional Lie algebra, all the 
elements of LT are everywhere defined, as t’, . . . . rk are complete; let 9 be 
the set of vector fields of the form g,<’ with ge LT. 
As has been already observed in [4], these are complete symmetry 
vector fields, and since the set (<‘, . . . . 5’) is weakly transitive, d is 
transitive [19]. 1 
We can define another equivalence relation on J, as follows: p, and p2 
are LI-equivalent if they belong to the same connected component of an 
indistinguishability equivalence class [4]. Then the equivalence classes 
LZ(p) can be obtained as the leaves corresponding to the analytic 
involutive distribution Y n 9. 
It is clear that all results above for indistinguishability can be proved for 
this equivalence relation; the quotient space LZ, is a symplectic manifold 
[S], in fact a covering of I,, and if the vector fields r’ are complete, we 
again obtain a fibration. 
When Assumption F is also verified, i.e., when we are dealing with a 
symmetry group and an equivariant moment map, the different reduction 
processes can be applied, and it is interesting to compare their results. This 
will be done first under a non-degeneracy condition, namely that at every 
PEJ, the rank of cp is maximal, say 211 -X 
Take a E g* such that a = J(p), and assume it is a regular value; then the 
tangent spaces to J,=J-‘(a) and Gp are o-orthogonal [3]. Therefore 3 
coincides with TJ, as a distribution on J,, and Tp is the connected 
component of J, containing p. 
THEOREM 2. The reduced phase space F, is well defined, dlffeomorphic, 
and symplectomorphic to I,. 
Proof To prove that the reduced phase space is well defined as a 
manifold it is enough to show that the intersections of the orbits of G, on 
J, with the leaves of r are exactly the equivalence classes for the 
indistinguishability equivalence relation (Fig. 1); i.e., given p E J, its 
equivalence class Z(p) is G, p n Tp. 
Then the equivalence relation induced on J, by belonging to the same 
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FIG. 1. The equivalence classes of LI are the connected components of the orbits of the 
isotropy groups, and the ones of I are the intersections of those orbits with the leaves of Y. 
orbit of the isotropy group is a closed set in J, x J,, and the vector fields 
ti are a weakly transitive family of analytic symmetry vector fields for it. 
The results of [20] are applicable, and it is clear that all connected 
components of F, have the same dimension. 
Assume p1 and p2 are two indistinguishable points in J,; we have 
already seen in the proof of Lemma 4 that they belong to the same orbit 
of G, and therefore there exists some g E G such that p2 = gp,. We need to 
show that g E G, : since the moment map is equivariant, this is equivalent 
to showing that for every x E J, we have gx E J,. 
From the equivariance of the moment map it is also clear that G 
interchanges level sets of J, therefore if for a point p1 E J, we have 
gp,=p,EJ,, then gJ,cJ,and gEG,. 
The action of G interchanges the leaves of Y: let v be a vector in g and 
let X”E 9 be the corresponding Hamiltonian vector field in M; since 9 
and Y are o-orthogonal, X” commutes with any ti and therefore its flow 
interchanges the leaves of Y. 
If ge G, then g interchanges the leaves of Y in J,, and an orbit of G, 
is a disjoint union of the intersections of an orbit of G with the different 
leaves of 5 in J,. 
We detine I): J, + Tp as follows: on Tp it is the identity map; if x is in 
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some other leaf TX there is a ge G, such that gp E TX, and we take 
11/(y) = g-‘y on 71~. Since the leaves are the connected components of J,, 
this is a well defined analytic symplectomorphism. 
It is clear that + takes the orbits of G, in J, onto the indistinguishability 
equivalence classes in r Tp, therefore inducing a map Y: Fa = J,/G, 4 
I,= Tpl-, which is a symplectomorphism and a diffeomorphism. 
When the non-degeneracy condition is not verified, I, is still well defined, 
but non-regular points in the quotient F, may be present, associated to the 
points on J, where the rank of cp is not maximal; this situation is illustrated 
in Example 2. In [2] the singularities of J,, when a is not a regular value 
of the moment map, were studied; they do not affect the process of 
construction of the reduced phase space, but may lead to the existence of 
different topological types for the reduced spaces in J,,, as shown in the 
second example. 
3. A CONTROL THEORETIC INTERPRETATION 
In the previous section no knowledge of geometric control theory has 
been assumed or necessary, but for anyone familiar with it, the whole 
approach can be recognized as essentially a problem of finding a minimal 
realization for a certain Hamiltonian control system. 
We recall the basic facts about these systems, not in all generality but in 
a simpler form, sufficient for our purpose here. In particular only systems 
which are linear in the control will be considered. 
We shall follow the formalism put forward in [19] and define a control 
system by a 6-tuple ,Z = (M, Q, A “2, N, h), where M is an analytic connected 
manifold, Q is a subset of a euclidean space Rk, f: A4 x Q -+ TM is such 
that, for every u E Q, f( ., U) is an analytic vector field on M, @ is the family 
of piecewise constant maps from [0, + IX) [ into Q, N is a euclidean space, 
and h is an analytic map from M to N; let D be the set of associated vector 
fields { f( ., u), u E 521, let F be the Lie algebra they generate, and let LT 
be the local group of finite products of local diffeomorphisms associated to 
vector fields in D. 
Here we consider Z, = (M, Rk, f, %, Rk, cp) with f: M x Rk + TM is 
given by 
k 
f(P9 ‘)= C Uit’(p), 
i=l 
where ti is the Hamiltonian vector field corresponding to ‘pi. 
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Essentially we study the solutions o(t; pO, U) of the differential equation 
on M: 
P =f(p, u(t)) = i u,(t) 5’(P)? P(O) = POT U(.)E@ 
i= I 
and the behaviour of the output map cp along them. 
Since the vector fields 5’ involved are Hamiltonian vector fields 
corresponding to the components of the output map, this control system is 
said to be Hamiltonian [lb16, 51. Hamiltonian control systems were 
introduced by Brockett [6] as an attempt to study problems in analytical 
mechanics involving external forces from a control theoretic point of view. 
A control system Z is said to be reachable or orbit-minimal if the orbit 
of any point in M under the local action of LT is M; i.e., if any point is 
Y-reachable from any other point. The system Z is said to be observable 
if there are no two indistinguishable distinct points. 
In the context of control systems, the usual definition of indistin- 
guishability does not require the points involved to belong to the same 
F-orbit, but it is otherwise the same; this does not affect the results 
obtained. 
In fact we are interested only in finding an equivalent minimal system, 
where minimality means reachability and observability; the usual construc- 
tion [21] involves as a first step the restriction of the given system to one 
of its orbits, and then taking the quotient by the indistinguishability 
relation. On that orbit the two definitions coincide. 
We need to define equivalence of control systems: we say that F: M, -+ M, 
is a homomorphism of the systems Z, = (M,, R, f,, @, N, hi) and 
Z, = (M,, Q, j;, J?J, N, h,) if for every u E Z!Y, p E M,, and I > 0 such that 
a,(t; p, U) is defined, it follows that uZ(t; F(p), U) is defined and 
F(o,(t; P, ~1) = aAt; F(P), u), Foh,=h2. 
It is proved in [21] that F is analytic in each orbit of Z,. 
Then, given a point p E A4 we say that a reachable and observable system 
Z’ is an equivalent minimal realization of L if there exists a homomorphism 
F of the restriction of Z to the orbit of p and Z’. In this case F is an 
analytic map; note also that the minimal realization depends on the point 
p E M taken. 
Thus the problem of phase space reduction under Assumption A is just 
a minimal realization problem for the control system Z, defined above; 
this has been described in the context of general control systems in [21] 
and in the class of Hamiltonian control systems in [15, 16, 51. 
The use of the indistinguishability equivalence relation is sometimes 
difficult, in the sense that there is no systematic process for the construction 
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of its equivalence classes. In that sense, it is preferable to use local 
indistinguishability: two points are locally indistinguishable if they belong to 
the same connected component of an indistinguishability equivalent class. 
A more natural definition is local observability: a system Z is locally 
observable if any point p has a neighbourhood U such that no point in U 
distinct from p is indistinguishable from it. Then local indistinguishability 
is the corresponding equivalence relation: given any system Z, we obtain 
an equivalent locally observable system by factoring out the ZJ-equivalence 
classes. 
The advantage of this approach is that it leads to an equivalent quasi- 
minimal (reachable and locally observable) realization, of the same 
dimension as the minimal one and a covering of it, and the equivalence 
classes can be constructed as the leaves of an analytic distribution [4]: 
The observability codistribution 9 is the smallest F-invariant codistribu- 
tion containing the differentials of the components of the output map, i.e., 
is the codistribution spanned by d/z, and the differentials of functions of the 
form LXhi where the Lie derivative is taken with respect o any vector field 
X in the Lie algebra F7; the observability distribution n is defined by 
JI = (X E 5, 1. X = 0 >. Then the leaves of ,4 are exactly the U-equivalence 
classes. 
In the context of Hamiltonian systems, 9 can be obtained as the 
codistribution spanned by the differentials of the functions in the Lie 
algebra (for the Poisson bracket) generated by the components of the output 
map. On an orbit of .F the observability distribution is constant dimensional 
and coincides with 9 n To. 
The existence of quasi-minimal realizations has been proved in [4]; note 
that the definitions above are coincident with the ones given there only for 
analytic systems. In the class of Hamiltonian systems, the existence and 
uniqueness up to a symplectomorphism of quasi-minimal realizations was 
proved in [S]. 
4. EXAMPLES 
EXAMPLE 1. Consider the group G = R* acting on M= T* = R*/Z* by 
((t,, f2L (.)c,, .x2))++ (.Y, + r,, x2+ [*). 
With the standard symplectic form w =dx, A d-x, on T* the action is 
symplectic. 
On the other hand, a moment map does not exist: to the vector (1,0) in 
G = R’, interpreted as the Lie algebra of G, corresponds the locally 
Hamiltonian vector field 5 = a/ax,; since a globally Hamiltonian vector 
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field on T2 has at least two critical points, corresponding to the maximum 
and minimum of the respective Hamiltonian function, 5: is not a global 
Hamiltonian vector field and no moment map exists [ 11. 
When our reduction process is applied we obtain a single point as the 
reduced state space, since the map 9 is a constant. 
EXAMPLE 2. Consider the group G = S’ acting on M = R4 by 
(e, (x~, x2, y,, J~))H (x1 cos 8, x2 cos 28, y1 sin 0, y2 sin 2Q. 
With the standard symplectic form on R4, w = d.~, A dl, + dx, A dy2, the 
action is symplectic: it is the flow of the Hamiltonian vector field 
r”= (y,, 2y2, -x1, - 2.~~) corresponding to the Hamiltonian function 
W: R4-+R given by H(x,, .rz, ~8~) vz)= (,Y: + $)/2+ (xf + J$). This example 
is also considered in [lo]. 
This action has the obvious moment map H, with only one critical value 
0. It is well known that the usual phase space reduction process leads to 
a quotient space which is not a manifold, being a two dimensional surface 
not regular at one point. This point is a critical point for any reduced 
Hamiltonian vector field, i.e., a relative equilibrium point for any 
Hamiltonian vector field invariant for the above action. 
It has been proved in [ 171 that the algebra of G-invariant functions on 
M is finitely generated, its generators being the same polynomial functions 
that generate the algebra of G-invariant polynomials; in this case, they are 
It is trivial to verify that the orbits of G are exactly the level sets of the map 
9: R4 + R4 with components (pi. 
The Hamiltonian vector fields 5’ corresponding to the functions ‘pi are 
given by 
5’=2(yI,o, -x,70) 
t’= 2(0, y2, 0, -x2) 
r3=(2(x1??2-x?y,),2xl~l, -2(x,x,+~,~,),y:-.K:) 
54=(-2(x,xz+1’,yz),x:-,:, -2(X,?‘*-X2)),),2X,Y,) 
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and the analytic distribution generated by these vector fields is involutive; 
it is of dimension three everywhere, except on {q, = 0, q2 # 0}, where it 
has dimension one, and {vi = ‘p2 = 0}, where the dimension is zero. 
The leaves corresponding to this distribution can be constructed as 
follows: take a E R; for a = 0 we obtain just one leaf M, = {H = 0}, for each 
a > 0 we get two leaves, one three dimensional, M,+ = (H = a, cpl > 0}, and 
the other a one dimensional G-orbit, Ma0 = {H= a, y7, = O}. 
The usual process fails for a = 0, and for a > 0 the inverse image by the 
moment map is M, = M: v Mz; it is the fact that it always contains two 
leaves of different dimensions that leads to a quotient that is not a 
manifold. 
Foru>Oconsiderthemapa:M:-,R3definedbyo=(cp,,cp3,cp,),and 
let Z,’ be its image. It is not difficult to see that Z,’ is a regular two 
dimensional manifold, defined by 
2 x1 
Xl 
( > 
y-u +x:+x:=0, x,>o. 
As a map M,f -+ Z,, (r is a submersion whose fibres are the orbits of the 
action, therefore the quotient space is a manifold. On Mz and M, the map 
0 is also a submersion onto the images Z,” with libres the orbits of the 
action; in these cases the images are regular manifolds, being reduced to 
just a point. 
Now consider the map CJ on M,. Its image can still be identified with the 
quotient space obtained by the usual reduction process, but rr is no longer 
a submersion onto its image; as a matter of fact, the image, defined by 
2 x1 
Xl 
i > 
y-u +x:+x:=0, x,20, 
is no longer a regular surface, the origin being a conical point (Fig. 2). 
FIG. 2. F,=I,ouI,+. 
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An analogous situation is obtained when considering the action 
(0, (x,, x2, yI, y2)) H (x, cos ~0, x2 cos 46, y1 sin ~0, y2 sin qe), 
where p and q are relatively prime; the only difference is that if p > 1 the 
point (a, 0,O) will also be non-regular, and this non-regularity depends on 
p: it is of cusp type for p = 2, and the order of tangency increases with p. 
Whenever we are dealing with a compact group of symmetries acting 
orthogonally on an analytic manifold, there is a finite set of polynomial 
functions (0i, . . . . cr ,l that generates the algebra of smooth invariant 
functions [17]; then the orbits of the symmetry group can always be 
described as the level sets of the analytic map g : M + R” with components gi. 
EXAMPLE 3. Consider the group G = $0(3) acting on M= T*R3 z 
R’x R3 by the usual action. Taking the standard symplectic form on 
T*R3, w = d,u, A dp, + d-y, A dp: + dx, A dp,, we see the action is 
symplectic: identifying SO(~) with R3, the Hamiltonian vector fields 
x' = (0, -x3, -y2,0, -p3r Pz) 
x2= (x3, 0, -x1, p370, -P,) 
X3=(-x*,-~1,0, -Pz,P,,O) 
correspond to the standard basis. 
This action has the moment map J= x A p, with only one critical value 
0. It is well known that Jo =J-‘(0) is not a manifold [2]. In [7] a 
different and much more detailed study of the zero level set of the angular 
momentum map is presented. 
On the other hand, the so(3)-orbits can be described as the level sets of 
the map cp: R3 x R3 + R3 defined by 
‘PI = (xf +x; +x3/2 
cpz = (P: + P: + P3/2 
and the Hamiltonian vector fields ti are given by 
(‘= -(O, o,o, XI, x2, x3)= -(O, x) 
t2 = (P, 0) 
t3 = (x, - p). 
The analytic distribution generated by these vector fields is involutive; it 
has dimension three everywhere, except on (J= 0, (x, p) # 0}, where it has 
dimension two, and {(x, p) = 0}, where the dimension is zero. 
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To construct the leaves corresponding to this distribution we take a E R3; 
when a # 0 all reduction processes are applicable. 
It is easy to see that the isotropy group G, is the group of rotations 
around a, and the distribution 22 n 5 is generated by the vector field 
X= a,X’ +a,X* +a,X3. Then, for any point (x, p) corresponding to 
non-zero moment, we have G,(x, p) =1(x, p) = Ll(x, p), and, since 1, is 
connected, all the described reduction processes give the same result. 
The image of the map Q, : M, + R3 defined by CD = (cp, cpZ, cp3), is a 
regular two dimensional surface, defined by 
x,x,=a’+x:. 
As @ is a submersion whose fibres are the orbits of the action of G,, the 
quotient space I,,, P, is a manifold and can be identified with that surface 
(Fig. 3). 
To study Jo, we remark that at (x, p) = 0 the dimension of the distribution 
Y is zero, but all other points on Jo it is two; then ICO,O) is just one point. 
Let M,+ = Jo - (01; it is easy to verify that M,+ is a four dimensional 
manifold where Y is two dimensional as a distribution, and TM,+ = 9 OF. 
If (x, p) is a point on M,+ then the quotient space ICX+) is just the leaf 
T(x, p) of Y passing through (x, p), using the map ~0 defined as above, 
but on T(x, p), we can identify ZCX,P) with the image I: of CD, which is now 
the regular surface defined by 
x1x*=x:, x,#O. 
This surface, a cone without the vertex, is not simply connected, but if we 
add the point (x, p) = 0 it is not a regular surface any longer (Fig. 3). 
FE. 3. J(x, p) = 0, (x, p) z 0; J(x’, p’) = a #o. 
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To study the action of W(3) on M= T*(R3 x R3), and similarly on 
T* R3” with n 2 2, we need to distinguish its orbits from the orbits of O(3); 
we can take coordinates x’, x2, p’, p* E T*(R3 x R’), in which we have 
J(x’, x2, p’, p*) =x’ A p’ + .Y* A p2, and then choose 
‘PI = /I.~‘I12 ‘ps=x’ .x2 rp,, =det(.v*, p*, p*) 
‘p2 = llx211 2 (p6=x’.p’ (p12 = det(.u’, p’, p’) 
473 = IlP’l12 (p,=x’ .p2 ‘p13 = det(s’, x’, p’) 
(P4= IlP211’ l&=x*.p (p14 = det(.u’, .Y*, p’). 
(p9EX’.P 
cpm=P’.PZ 
Of course at most nine of these functions, and therefore of the vector fields 
t’, are independent at a given point; it is easy to see that dJ is surjective 
except at J;= {x’=c(,u, ~~=c(~t4 p’=p,v, p2=fi2t’, UER~-O) where it 
has rank two, and the origin where the rank is zero. Thus 0 is the only 
critical value of J, and we can write Jo as the union of three sets Jo = .I: u 
J,‘u J,“’ (J,” = {0}, J,“‘= Jo - .I;), all of them invariant for .F. 
The reduced phase space Z, for p E J,“” is a manifold, and coincides with 
an open set of the reduced phase space F,; the reduced phase space r0 is 
a point. J; 1s a six dimensional submanifold of M, where we have 
TJ,‘= SOY; if PE J,’ the quotient ZP is a four dimensional manifold. 
Note that, in all examples, we obtain a stratification of the manifold M, 
for instance the one induced by (0) c J;c Jo c M in the last one. The 
topological type of Z, is the same in each stratum; the canonical projections 
on the quotient spaces are always fibrations, since the vector fields 5’ are 
complete. 
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